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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
The radial point interpolation method (RPIM), as an advanced discretization approach, is used to analyze concrete structures 
assuming a non-linear continuum damage model. The theoretical basis of the material, damage characteristics and the 
computational procedure are presented. The elastic model is extended with a non-local damage formulation for compressive 
stress state from the Helmholtz free energy function in relation to the damage energy release. The predictive ability of the non-
local model will be compared with the local solution, which is inappropriate whenever strong strain softening is encountered. 
Due to the presence of damage, the Newton-Raphson non-linear algorithm is employed, creating a fictitious pseudo-time 
stepping scheme. The performance of the proposed model is verified with an experimental benchmark available in the literature. 
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1. Int oduction 
     Several demanding fields in computational mechanics are appropriate to study the non-linear standard damage 
solution of brittle materials using finite element method (FEM) formulations [See Oliver et al. (1990); Cervera et al. 
(1995); Cervera et al. (1996); Faria et al. (1998); Lee & Fenves (2001); He et al. (2006); Yu et al. (2008) and 
Voyiadjis and Taqieddin (2009)]. Researchers investigated the continuum damage mechanics theory varying 
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different variables in order to fit the experimental solutions [Tao and Phillips (2005) and Wu et al. (2006)]. 
Basically, there exist several principal stress components indicating the material degradation within the constitutive 
model [Lee and Fenves (2001)]. Furthermore, the return-mapping algorithm is applicable to achieve the non-linear 
damage solution for each pseudo-time stepping scheme [Simo et al. (1986) and Lee et al. (2001)]. 
     Currently, the foregoing algorithm is based on the decomposition of the trial stress [Simo (1992)]. The present 
study employs the developed form of the return-mapping algorithm for a rate-independent damage model to analyse 
concrete structures, such as three-point-bending beams, considering an advanced discretization technique: the Radial 
Point Interpolation Meshless Method (RPIM) [J. Belinha (2014) and Vasheghani Farahani et al. (2015)]. 
     Meshless methods are capable to analyse complex structural models; the high-order continuity of the constructed 
test functions permits to achieve smoother internal variables, such as the strain/stress fields; they can be efficiently 
used to solve large deformation problems and; they permits to insert locally more nodes where mesh refinement is 
required, without any extra computational cost [J. Belinha (2014)]. 
     The local damage constitutive law has the potential to solve different problems. For instance, the creep-related 
fields as primarily established by Kachanov (1986). Basically, the damage mechanics theory is applicable to analyse 
distinct material responses including brittle and ductile behaviours [Krajcinovic and Fonseka (1981); Krajcinovic 
and Fonseka (1983); Resende and Martin (1984); Oliver et al. (1990) ; Cervera et al. (1995); Cervera et al. (1996); 
Faria et al. (1998); Voyiadjis and Taqieddin (2009)].  
     These mentioned works have been substantially focused on developement of the local damage principles. As an 
illustration, the rate –independent damage formulation for local models has been adopted by Crisfield (1996) and 
later on improved by Cervera et al. (1996) and Faria et al. (1998). 
     However, the local damage models are inappropriate whenever strong strain softening is encountered. Due to this 
matter, the governing differential relationships might lose ellipticity.  
     In the numerical point of view, this situation appears itself by spurious mesh sensitivity of finite element 
computations as the mesh is refined the strain localizes into a narrow band whose width depends on the element size 
and tends to zero. Thus, the corresponding response of load-displacement always experiences snapback for a 
sufficiently fine mesh, and the total energy dissipated by fracture converges to zero [Jirásek (1998)]. 
     In FEM studies, the most trustful approach to tackle the aforementioned disturbance, is to regulate the post-peak 
slope of the stress-strain curve as a function of the element size. The concept of non-local averaging is sufficient for 
the localization limiters applied on any kind of constitutive model. In fact, the idea of non-local continuum models 
was firstly introduced by Eringen (1966) and later on developed for the strain-softening materials by Bazant (1984). 
Afterwards, Pijaudier-Cabot et al. (1987) proposed an improvement, establishing the non-local damage theory. Its 
early extension was developed into various approaches of non-local models for damage and fracture mechanics by 
Jirásek (1998). Furthermore, non-local plasticity corresponds to finite element method was conducted by Strömberg 
and Ristinmaa (1996).  
     In meshless methods, the resolution approach for non-local damage model is precisely different due to its nature. 
The scenario is to use a weight function associated to each integration point. Thus, first, consider a specific 
integration point possessing a definite damage value. Then, its damage value is distributed to other neighbor points 
respecting the corresponding weights from the weight function, leading to localize damage. At the end, it is possible 
to obtain the non-local damage value on the certain integration points. The non-local damage algorithm is described 
with detail next section.  
2. Solid Mechanics and Damage Formulations 
     In this work, the plane stress deformation theory in 2D case is assumed. According to Hooke’s law with regard to 
c as the material constitutive matrix in plane stress state, it is possible to determine the stress field as follows: 
𝜺𝜺 = 𝑳𝑳𝑳𝑳 =
[
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     The discrete equation system is obtained using the Galerkin weak form. The Lagrangian functional is defined 
by 𝐿𝐿 = 𝑇𝑇 − 𝑈𝑈 + 𝑊𝑊𝑓𝑓.  Being, T and U the kinetic and strain energy values respectively, while 𝑊𝑊𝑓𝑓 is known as the 
work produced by external forces. Afterwards, based on Hamilton`s principle and neglecting the dynamic effect, the 
minimization of the Lagrangian functional leads to the Galerkin weak form of the equilibrium equation: 
𝛿𝛿𝐿𝐿 = ∫ 𝛿𝛿𝜺𝜺𝑇𝑇𝝈𝝈 𝑑𝑑Λ − ∫ 𝛿𝛿𝒖𝒖𝑇𝑇𝒃𝒃 𝑑𝑑Λ −
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∫ 𝛿𝛿𝒖𝒖𝑇𝑇𝒕𝒕 𝑑𝑑S −
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                                                                          (2) 
∫ 𝑒𝑒 𝛿𝛿𝜺𝜺𝑇𝑇𝝈𝝈 𝑑𝑑Ω =
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∫ 𝑒𝑒 𝛿𝛿𝒖𝒖𝑇𝑇𝒃𝒃 𝑑𝑑Ω + ∫ 𝑒𝑒 𝛿𝛿𝒖𝒖𝑇𝑇𝒕𝒕 𝑑𝑑Γ + 𝑒𝑒 𝛿𝛿𝒖𝒖𝑇𝑇𝒒𝒒                                                                                            
 
Γ
 
Ω
(3) 
     In the RPIM, the weak form has local support, which means that the discrete system of equations is developed 
firstly for every influence-domain. Consider e as the thickness of the specimen. In addition, b and t are presented the 
body and external traction force vectors respectively. Moreover, the external force vector applied on a close curve is 
identified as q vector.  
𝛿𝛿𝑢𝑢𝑇𝑇 ∫ 𝑒𝑒𝑩𝑩𝑇𝑇𝑐𝑐𝑩𝑩 𝑑𝑑Ω 𝒖𝒖 =
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𝒖𝒖 = 𝑲𝑲−𝟏𝟏(𝒇𝒇𝑏𝑏 + 𝒇𝒇𝑡𝑡 + 𝒇𝒇𝑞𝑞)                                                                                                                                                       (5) 
     In this study, all the integration cells are quadrilateral and contain approximately 9 nodes and 𝑛𝑛𝑄𝑄 × 𝑛𝑛𝑄𝑄 
integration points inside, respecting the Gauss-Legendre quadrature scheme. Previous work, Vasheghani Farahani et 
al. (2015), found that this integration scheme maximizes its efficiency when 𝑛𝑛𝑄𝑄 = 3.  
     Basically, the theory of the continuum damage mechanics relies on the definition of the effective stress concept 
associated to the equivalent effective strain. It indicates the strain value related to the damage state, when the stress 
 𝝈𝝈  applied, is equivalent to the strain obtained from the undamaged state under the effective stress  ?̅?𝝈 = 𝒄𝒄: 𝜺𝜺 . 
Afterwards, the full effective stress tensor should be split into tensile and compressive components where ?̅?𝝈 = ?̅?𝝈+ +
?̅?𝝈− [Cervera et al. (1996)]. Consequently, the equivalent effective tensile and compressive norms are adopted after 
splitting the stress, the reason is to obtain the octahedral normal and shear stress terms, 𝜎𝜎𝑜𝑜𝑜𝑜𝑡𝑡−  and 𝜏𝜏?̅?𝑜𝑜𝑜𝑡𝑡− , as follows:    
𝜏𝜏̅+ = √?̅?𝝈+: 𝒄𝒄−𝟏𝟏: ?̅?𝝈+                                                                                                                                                                 (6) 
𝜏𝜏̅− = √√3(𝐾𝐾𝜎𝜎𝑜𝑜𝑜𝑜𝑡𝑡
− + 𝜏𝜏?̅?𝑜𝑜𝑜𝑡𝑡
− )                                                                                                                                                      (7) 
 
     where K is a material property depending on the ratio between the biaxial and uniaxial compressive strengths for 
concrete materials. This constant depends on the plasticity parameter 𝛽𝛽 assumed for concrete materials as 𝛽𝛽 = 1.16. 
Hence, it is determined for this analysis as 𝐾𝐾 = 0.525 [Cervera et al. (1995)].  
     Moreover, Simo and Ju (1987) proposed the damage criterion for tensile and compressive states where the latter 
is known as Drucker-Prager cone for compression. Subsequently, 𝑟𝑟+ and 𝑟𝑟− are identified as damage thresholds for 
tension and compression, respectively. The expansion of the damaged surface must be controlled by the mentioned 
parameters according to the following relations:  
 
𝑔𝑔+(𝜏𝜏̅+, 𝑟𝑟+) = 𝜏𝜏̅+ − 𝑟𝑟+ ≤ 0                                                                                                                                 (8) 
𝑔𝑔−(𝜏𝜏̅−, 𝑟𝑟−) = 𝜏𝜏̅− − 𝑟𝑟− ≤ 0                                                                                                                                 (9) 
 
     It is remarkable that the uniaxial tensile and compressive strengths are considered as 𝑓𝑓0+ and 𝑓𝑓0− respectively 
[Faria et al. (1998)]. 
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∫ 𝑒𝑒 𝛿𝛿𝜺𝜺𝑇𝑇𝝈𝝈 𝑑𝑑Ω =
 
Ω
∫ 𝑒𝑒 𝛿𝛿𝒖𝒖𝑇𝑇𝒃𝒃 𝑑𝑑Ω + ∫ 𝑒𝑒 𝛿𝛿𝒖𝒖𝑇𝑇𝒕𝒕 𝑑𝑑Γ + 𝑒𝑒 𝛿𝛿𝒖𝒖𝑇𝑇𝒒𝒒                                                                                            
 
Γ
 
Ω
(3) 
     In the RPIM, the weak form has local support, which means that the discrete system of equations is developed 
firstly for every influence-domain. Consider e as the thickness of the specimen. In addition, b and t are presented the 
body and external traction force vectors respectively. Moreover, the external force vector applied on a close curve is 
identified as q vector.  
𝛿𝛿𝑢𝑢𝑇𝑇 ∫ 𝑒𝑒𝑩𝑩𝑇𝑇𝑐𝑐𝑩𝑩 𝑑𝑑Ω 𝒖𝒖 =
 
Ω
 𝛿𝛿𝒖𝒖𝑇𝑇 ∫ 𝑒𝑒𝑯𝑯𝑇𝑇 {
𝑏𝑏𝑥𝑥
𝑏𝑏𝑦𝑦
}  𝑑𝑑Ω + 𝛿𝛿𝒖𝒖𝑇𝑇 ∫ 𝑒𝑒𝑯𝑯𝑇𝑇 {
𝑡𝑡𝑥𝑥
𝑡𝑡𝑦𝑦
}  𝑑𝑑Γ + 𝛿𝛿𝒖𝒖𝑇𝑇 𝑒𝑒 {
𝑞𝑞𝑥𝑥
𝑞𝑞𝑦𝑦
}  
 
Γ
 
Ω
                                           (4) 
𝒖𝒖 = 𝑲𝑲−𝟏𝟏(𝒇𝒇𝑏𝑏 + 𝒇𝒇𝑡𝑡 + 𝒇𝒇𝑞𝑞)                                                                                                                                                       (5) 
     In this study, all the integration cells are quadrilateral and contain approximately 9 nodes and 𝑛𝑛𝑄𝑄 × 𝑛𝑛𝑄𝑄 
integration points inside, respecting the Gauss-Legendre quadrature scheme. Previous work, Vasheghani Farahani et 
al. (2015), found that this integration scheme maximizes its efficiency when 𝑛𝑛𝑄𝑄 = 3.  
     Basically, the theory of the continuum damage mechanics relies on the definition of the effective stress concept 
associated to the equivalent effective strain. It indicates the strain value related to the damage state, when the stress 
 𝝈𝝈  applied, is equivalent to the strain obtained from the undamaged state under the effective stress  ?̅?𝝈 = 𝒄𝒄: 𝜺𝜺 . 
Afterwards, the full effective stress tensor should be split into tensile and compressive components where ?̅?𝝈 = ?̅?𝝈+ +
?̅?𝝈− [Cervera et al. (1996)]. Consequently, the equivalent effective tensile and compressive norms are adopted after 
splitting the stress, the reason is to obtain the octahedral normal and shear stress terms, 𝜎𝜎𝑜𝑜𝑜𝑜𝑡𝑡−  and 𝜏𝜏?̅?𝑜𝑜𝑜𝑡𝑡− , as follows:    
𝜏𝜏̅+ = √?̅?𝝈+: 𝒄𝒄−𝟏𝟏: ?̅?𝝈+                                                                                                                                                                 (6) 
𝜏𝜏̅− = √√3(𝐾𝐾𝜎𝜎𝑜𝑜𝑜𝑜𝑡𝑡
− + 𝜏𝜏?̅?𝑜𝑜𝑜𝑡𝑡
− )                                                                                                                                                      (7) 
 
     where K is a material property depending on the ratio between the biaxial and uniaxial compressive strengths for 
concrete materials. This constant depends on the plasticity parameter 𝛽𝛽 assumed for concrete materials as 𝛽𝛽 = 1.16. 
Hence, it is determined for this analysis as 𝐾𝐾 = 0.525 [Cervera et al. (1995)].  
     Moreover, Simo and Ju (1987) proposed the damage criterion for tensile and compressive states where the latter 
is known as Drucker-Prager cone for compression. Subsequently, 𝑟𝑟+ and 𝑟𝑟− are identified as damage thresholds for 
tension and compression, respectively. The expansion of the damaged surface must be controlled by the mentioned 
parameters according to the following relations:  
 
𝑔𝑔+(𝜏𝜏̅+, 𝑟𝑟+) = 𝜏𝜏̅+ − 𝑟𝑟+ ≤ 0                                                                                                                                 (8) 
𝑔𝑔−(𝜏𝜏̅−, 𝑟𝑟−) = 𝜏𝜏̅− − 𝑟𝑟− ≤ 0                                                                                                                                 (9) 
 
     It is remarkable that the uniaxial tensile and compressive strengths are considered as 𝑓𝑓0+ and 𝑓𝑓0− respectively 
[Faria et al. (1998)]. 
 
𝑟𝑟0
+ = √𝑓𝑓0
+ 1
𝐸𝐸
𝑓𝑓0
+ =
𝑓𝑓0
+
√𝐸𝐸
                                                                                                                                                            (10) 
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𝑟𝑟0
− = √
√3
3
(𝐾𝐾 − √2)𝑓𝑓0
−                                                                                                                                                        (11) 
     It is rational to emphasize that the damage grows if  𝜏𝜏̅+ = 𝑟𝑟+   𝑜𝑜𝑟𝑟   𝜏𝜏̅− = 𝑟𝑟− with regard to the initial conditions: 
 𝑟𝑟0
+ = 𝜏𝜏̅+  𝑎𝑎𝑎𝑎𝑎𝑎  𝑟𝑟0
− = 𝜏𝜏̅−. Thus, damage is a function of damage thresholds in tensile and compressive states proving 
a rate-independent model [Cervera et al. (1996)]. 
𝑟𝑟+ = max(𝑟𝑟0
+, 𝑚𝑚𝑎𝑎𝑚𝑚(𝜏𝜏̅+)),    𝑎𝑎+ = 𝐺𝐺+(𝑟𝑟+)                                                                                                           (12) 
𝑟𝑟− = max(𝑟𝑟0
−, 𝑚𝑚𝑎𝑎𝑚𝑚(𝜏𝜏̅−)),    𝑎𝑎− = 𝐺𝐺−(𝑟𝑟−)                                                                                                      (13) 
 
     Considering all the aforementioned explanations and relationships, it is possible to establish the corresponding 
relations for local damage in both tension 𝑎𝑎+ and compression 𝑎𝑎− states.  
 
𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
+ = 𝐺𝐺+(𝑟𝑟+) = 1 −
𝑟𝑟0
+
𝑟𝑟+
exp (𝐴𝐴+(1 − 𝑟𝑟+ 𝑟𝑟0
+⁄ ))     if        𝑟𝑟+ ≥ 𝑟𝑟0+                                                                            (14) 
𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
− = 𝐺𝐺−(𝑟𝑟−) = 1 −
𝑟𝑟0
−
𝑟𝑟−
(1 − 𝐴𝐴−) − 𝐴𝐴−exp (𝐵𝐵−(1 − 𝑟𝑟− 𝑟𝑟0
−⁄ ))      if    𝑟𝑟− ≥ 𝑟𝑟0−                                             (15) 
 
So far, the standard local constitutive model has been formalized to obtain damage. The methodology adopted in 
this work to formulate the non-local damage is the following. 
     Consider the local damage value for the corresponding integration points on the domain. Then, a circle with a 
certain radius, RGP, should be defined which covers the certain number of integration points (neighbor points). The 
circle is centred in the interest integration point which is being analysed for the non-local damage model. These 
neighbor points are the ones which should participate in damage localization process.  
     The radius of this circle is calculated from 𝑅𝑅𝐺𝐺𝑅𝑅 = 𝑎𝑎𝑝𝑝ℎ , it is dependent on the average distance between nodes, 
h. Consider the nodes discretised in specific divisions along x and y directions, h is computed based on the following 
relation: ℎ = 𝐿𝐿/(𝑎𝑎𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑜𝑜𝑎𝑎𝑑𝑑 𝑎𝑎𝑎𝑎𝑜𝑜𝑎𝑎𝑎𝑎 𝑚𝑚) = 𝐷𝐷/(𝑎𝑎𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑜𝑜𝑎𝑎𝑑𝑑 𝑎𝑎𝑎𝑎𝑜𝑜𝑎𝑎𝑎𝑎 𝑦𝑦), being 𝐿𝐿 and D the dimensions of the specimen 
along x and y directions. Furthermore, 𝑎𝑎𝑝𝑝 is a variable controlling the corresponding radius varying between 0.5 and 
2.1.  
     It must be pointed that any integration point, for example the ith one, is identified by three components in a vector 
as 𝒈𝒈𝒈𝒈𝒊𝒊 = {𝑚𝑚𝑖𝑖
𝑔𝑔𝑝𝑝 𝑦𝑦𝑖𝑖
𝑔𝑔𝑝𝑝 𝑊𝑊𝑖𝑖
𝑔𝑔𝑝𝑝
}
𝑇𝑇
. The dimensions in x and y directions are defined as 𝑚𝑚𝑖𝑖
𝑔𝑔𝑝𝑝 and 𝑦𝑦𝑖𝑖
𝑔𝑔𝑝𝑝 respectively with 
regard to the weight of the corresponding integration point 𝑊𝑊𝑖𝑖
𝑔𝑔𝑝𝑝. 
Afterwards, the distance between the ith interest point and its jth neighbours must be calculated within the 
following relation:  
 
𝑎𝑎𝑖𝑖𝑖𝑖 = √(𝑚𝑚𝑖𝑖
𝑔𝑔𝑝𝑝 − 𝑚𝑚𝑖𝑖
𝑔𝑔𝑝𝑝)
2
+ (𝑦𝑦𝑖𝑖
𝑔𝑔𝑝𝑝 − 𝑦𝑦𝑖𝑖
𝑔𝑔𝑝𝑝)
2
                                                                                                             (16) 
This condition must be satisfied as a requirement of the proposed non-local damage mechanism: 𝑎𝑎𝑖𝑖𝑖𝑖 < 𝑅𝑅𝐺𝐺𝑅𝑅. 
Subsequently, there exist applicable weight functions useful for the rest of analysis indicated on Table 1. 
Table 1: Weight function for localization process 
Order Weight Function 
0 
 
2nd 
 
3rd 
𝑤𝑤 = 1 
𝑤𝑤 = −
(𝑎𝑎𝑖𝑖𝑖𝑖)
2
𝑅𝑅𝐺𝐺𝑅𝑅2
+ 1 
𝑤𝑤 = 2
(𝑎𝑎𝑖𝑖𝑖𝑖)
3
𝑅𝑅𝐺𝐺𝑅𝑅3
− 3
(𝑎𝑎𝑖𝑖𝑖𝑖)
2
𝑅𝑅𝐺𝐺𝑅𝑅2
+ 1 
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     Then, the procedure continues with collecting the neighbour points taking part in damage localization. Due to 
this, the damage value of the interest point is shared on them according to their weights and it must be summed for 
all the points. Definitely this summation is obtained within an iterative process. The weight of integration points is 
accumulated for any acceptable neighbour point (satisfied 𝑑𝑑𝑖𝑖𝑖𝑖 < 𝑅𝑅𝑅𝑅𝑅𝑅 ) in tensile and compressive terms as: 
𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
+/−
=  ∑ 𝑤𝑤𝑖𝑖
𝑖𝑖
𝑛𝑛=1                                                                                                                                                                  (17) 
     Additionally, when the damage sharing step happens, the weighted damage parameter, 𝑤𝑤𝑑𝑑, on the neighbour 
points is adopted.  Thus, the following relation governs the corresponding summation: 
𝑤𝑤𝑑𝑑
+/−
=  ∑ (𝑑𝑑𝑡𝑡𝑡𝑡𝑙𝑙𝑡𝑡𝑡𝑡
+/−
)
𝑖𝑖
𝑖𝑖
𝑛𝑛=1 𝑤𝑤𝑖𝑖                                                                                                                                                  (18) 
     Finally, it is possible to obtain the non-local damage value for the ith interest point for both tensile and 
compressive states as follows: 
𝑑𝑑𝑛𝑛𝑡𝑡𝑛𝑛−𝑡𝑡𝑡𝑡𝑙𝑙𝑡𝑡𝑡𝑡
+ =
𝑤𝑤𝑑𝑑
+
𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
+     and      𝑑𝑑𝑛𝑛𝑡𝑡𝑛𝑛−𝑡𝑡𝑡𝑡𝑙𝑙𝑡𝑡𝑡𝑡
− =
𝑤𝑤𝑑𝑑
−
𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
−                                                                                                            (19) 
     Considering all foregoing calculations, it is possible to accomplish the Cauchy stress tensor based on the 
following relation, Crisfield (1996): 
𝝈𝝈 =  (1 − 𝑑𝑑𝑛𝑛𝑡𝑡𝑛𝑛−𝑡𝑡𝑡𝑡𝑙𝑙𝑡𝑡𝑡𝑡
+ )?̅?𝝈+ + (1 − 𝑑𝑑𝑛𝑛𝑡𝑡𝑛𝑛−𝑡𝑡𝑡𝑡𝑙𝑙𝑡𝑡𝑡𝑡
− )?̅?𝝈−                                                                                                           (20) 
     being ?̅?𝝈+ and ?̅?𝝈− the effective tensile and compressive stress tensors, respectively. Since the damage is scalar, it 
is required to use the equivalent von-Mises stress in the effective and Cauchy stress forms (?̃?𝜎 and ?̃?𝜎, respectively) 
𝑑𝑑 = 1 −
?̃?𝜎
?̃?𝜎
                                                                                                                                                                               (21) 
      It is worth to mention that the obtained damage parameter, d, is the total damage driven from the non-local 
model. It is noticeable to mention that all of the afore-mentioned equations are rely on the Helmholtz free energy 
potential known as a function of the internal variables indicating the compressive and tensile behaviour of concrete 
materials as reported by Lubliner (1972); Faria et al. (1993); Salari et al. (2004) and Shao et al. (2006). It must be 
remarked that 𝜓𝜓 ≥ 0 since all the corresponding terms are non-negative as mentioned before. 
𝜓𝜓 = (1 − 𝑑𝑑+)𝜓𝜓0
+ + (1 − 𝑑𝑑−)𝜓𝜓0
−                                                                                                                                      (22) 
     Afterwards, the computational implementation of the constitutive law is determined based on the strain field 
updated in each step of displacement enforcement. Due to this, the internal fields and damage variables are obtained. 
This algorithmic analysis is a strain-driven formalism extracted from the constitutive law. First, the standard local 
damage model, based on RPIM formulation, is employed to obtain the local damage and then it is developed to the 
non-local model to obtain the Cauchy stress tensor and most importantly the total non-local damage variable. The 
schematic representation of the algorithm is demonstrated in Fig. 1. 
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𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
+/−
=  ∑ 𝑤𝑤𝑖𝑖
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     Additionally, when the damage sharing step happens, the weighted damage parameter, 𝑤𝑤𝑑𝑑, on the neighbour 
points is adopted.  Thus, the following relation governs the corresponding summation: 
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+/−
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+/−
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     Finally, it is possible to obtain the non-local damage value for the ith interest point for both tensile and 
compressive states as follows: 
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𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
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     Considering all foregoing calculations, it is possible to accomplish the Cauchy stress tensor based on the 
following relation, Crisfield (1996): 
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− )?̅?𝝈−                                                                                                           (20) 
     being ?̅?𝝈+ and ?̅?𝝈− the effective tensile and compressive stress tensors, respectively. Since the damage is scalar, it 
is required to use the equivalent von-Mises stress in the effective and Cauchy stress forms (?̃?𝜎 and ?̃?𝜎, respectively) 
𝑑𝑑 = 1 −
?̃?𝜎
?̃?𝜎
                                                                                                                                                                               (21) 
      It is worth to mention that the obtained damage parameter, d, is the total damage driven from the non-local 
model. It is noticeable to mention that all of the afore-mentioned equations are rely on the Helmholtz free energy 
potential known as a function of the internal variables indicating the compressive and tensile behaviour of concrete 
materials as reported by Lubliner (1972); Faria et al. (1993); Salari et al. (2004) and Shao et al. (2006). It must be 
remarked that 𝜓𝜓 ≥ 0 since all the corresponding terms are non-negative as mentioned before. 
𝜓𝜓 = (1 − 𝑑𝑑+)𝜓𝜓0
+ + (1 − 𝑑𝑑−)𝜓𝜓0
−                                                                                                                                      (22) 
     Afterwards, the computational implementation of the constitutive law is determined based on the strain field 
updated in each step of displacement enforcement. Due to this, the internal fields and damage variables are obtained. 
This algorithmic analysis is a strain-driven formalism extracted from the constitutive law. First, the standard local 
damage model, based on RPIM formulation, is employed to obtain the local damage and then it is developed to the 
non-local model to obtain the Cauchy stress tensor and most importantly the total non-local damage variable. The 
schematic representation of the algorithm is demonstrated in Fig. 1. 
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Fig. 1- Non-local damage model algorithm  
3. Numerical Example 
     In this section a concrete three-point bending beam is analysed. The beam geometry is indicated in Fig. 2-a. 
Additionally, the irregular nodal discretization (475 nodes) is shown in Fig. 2-b.  It must be remarked the 
characteristic length is adopted as 𝑙𝑙𝑐𝑐ℎ =  1.1296 × 10−4(𝑚𝑚) proposed by Voyiadjis and Taqieddin (2009). The 
assumed material properties are: Young`s Modulus 𝐸𝐸 = 21.7 × 109(𝑃𝑃𝑃𝑃), Poisson’s ratio𝜈𝜈 = 0.2  and a maximum 
uniaxial tensile and compressive strength: 𝑓𝑓0+ = 2.4 × 106(𝑃𝑃𝑃𝑃) and 𝑓𝑓0− = 29 × 106(𝑃𝑃𝑃𝑃), respectively. In addition, 
the fracture energy is considered as 𝐺𝐺𝑓𝑓+ = 30 (𝑁𝑁. 𝑚𝑚−1)  for the current analysis. Moreover, the damage 
characteristics are adopted as 001.0A  for tension, 1A  and 1B  in compression suggested by Cervera et 
al. (1996). 
 
  (a)                      (b) 
Fig. 2- Three-point-bending beam with essential boundary conditions (a) the geometry-dimensions are in mm- and (b) Irregular nodal 
discretization of the half beam with 475 nodes 
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 (a)     (b) 
Fig. 3- (a) Response of load P-deflection on point A obtained for local and non-local damage models compared to the experimental solution  
Malvar and Warren (1988) and (b) Variation of non-local damage in terms of effective strain at the crack tip 
 
       First, the numerical analysis initiates with the local damage model to obtain the response of the load P in terms 
of the deflection on point A, then it continues to the analysis of the non-local damage model, which will permit to 
acquire the final result and the variation of damage versus effective strain. The total displacement enforcement is 
)(5.0 mmv   (divided in 20 incremental steps). Furthermore, in the case of non-local damage analysis a 2nd order 
weight function is considered, while 𝑛𝑛𝑝𝑝 = 0.2  and h and RGP parameters are accordingly computed as  ℎ =
0.0164 (𝑚𝑚) and 𝑅𝑅𝑅𝑅𝑅𝑅 =  0.0033 (𝑚𝑚).  
 
       The preliminary results are compared to the experimental solution reported by Malvar and Warren (1988). Fig. 
3-a shows the obtained response of load P versus deflection on point A. The variation of damage-effective strain at 
the crack tip is presented in Fig. 3-b. Additionally, to assess the performance of the proposed damage algorithm, it is 
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